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Outline
Plane waves in free space. Polarization.
Plane waves in linear lossy media.

Dispersion relations for linear waves in disper-
sionless, homogeneous media.

Waves in anisotropic media: Faraday rotation,
uniaxial crystals.

Waves in piecewise-continuous media: Fresnel
theory.

Brewster and surface plasmon-polariton modes.




Light propagation in free space

Maxwell's equations (ME) in free space:

JH
VXE= _HOW’

Describe any classical optics phenomenon in free
space!




Eliminating the magnetic field:

recalling that Uyey = 1/c2,

1 0’E
c? ot?

V’E — =} (1)

Wave equation in free space.

There exist plane wave solutions




Plane wave solutions:

E — ]Eoei(k-l‘—(x)t)7

H— Hoei(k-l‘—a)t)7

with the dispersion relation:

as well as the relations

(ék X E())
Mo

Hy =




E() — —T]()(ék X Ho) .
where Mg = \/lo/ € (free space impedance).

The transversality conditions:
ék'EQ:O, ék°H0:O.




E = (Eé,+E&,)e ),

E, = |EJe*, Ey = [Ey[e®.
¢r = @y, linear polarization,
Ex| = |Ey

Otherwise, elliptical polarization.

, 0. — @, = 1/2, circular polarization

The elliptic polarization is the most general case,

E,| # |E,| and ¢, # ¢,.




Linear polarization,

0 =tan ' (E,/E,).




Circular polarization,




Elliptical polarization,

o

E=(E.é +E & )2 FE JE =re®




Light propagation in linear isotropic lossy
media

Constitutive relations

D =¢&¢E(W)E, B= Uy,

and
() =¢(w)+ie"(w),

Maxwell's equations
k-&=0,
k-7 =0,




kx 77 =—¢ge(w)ns.

Seeking inhomogeneous plane wave solutions

E(Z,t) _ Re{@pei(kz—iwt)}

H(z,1) = Re{ e/ K101}




Dispersion relation

where
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The electric and magnetic field amplitudes:

E=-—-n(e,x i),
and S o
%: (eZX )7
n
N being a complex impedance of the medium
Mo
" Veo)
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Linearly polarized plane wave

E(z,t) = &.&e “cos(Bz— wr)
and

&
H(z,1) = éyme_“zcos(ﬁz — 0t — 6y).




Lossless dielectrics, €’ =0

E(z,t) = &,& cos(Bz— wt),

&
H(z,7) = éym cos(Bz— wt).

Homogeneous plane wave with parameters




Light propagation in linear anisotropic me-
dia

MEs in source-free nonmagnetic media

0B
VXE=——
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V-D=0,
V-B=0.
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Eliminating magnetic field from MEs:

0°D
V(V-E)—V°E = —iy——
( ) uoatz
and
V.-D=0,

The electric flux density in such media:

3
Di — Z gijEj7
j=1




Plane-wave solution for the field:
E, = %é‘}ei(k'r_w’) +c.c.,.
and the flux density:
D;= %Zj &8kt 4 cc..

Modes supported by the medium:

2 w’
Z (kikj—k 6ij—|—?8ij> (ga] — O,
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plus the transversality condition:
Zkigij@@j = (.
L]
Dispersion relations:

a)z
Det (kl‘kj — k26ij —+ _281']') = 0.
C
or

2 2 w? > 2
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Faraday rotation in external magnetic field
The dielectric tensor (phenomenological)

8,']'((1)) = 8((0)5,-]- —+ ig(a))e,-ﬂBOl,

gB() < €.
By < weak magnetic field.

P 1 even permutation of ijk;
K] —1 odd permutation of ijk




Assume k = (0,0, k); Dispersion relation:
ky = k+ Ak,

where

k=2 e(w); Ak:wg(w)BO
¢ ’ 2\/e(w)c

Eigenmodes are circularly polarized plane waves,

E.(z,t) = & Ege'™~).

Magnetic field breaks down the symmetry!




Evolution of a linearly polarized wave
E(0,t) = Egée '™,
By superposition at any plane z = const > O:
E(z,t) = a+é+ei(k+z_a”> B a_é_ei(k—z_“’t),
after some algebra:
E(z,t) = Egé,(z)e!® ",
where

o

€,(z) = é,cos Akz — &,sin Akz.




Linearly polarized wave with rotating polariza-
tion plane

Rotation angle:
AQ = AkL =V ByL,
where V is the so-called Verdet constant:

wg()

V = :
2c+/E(®)

Verdet constant gives the rate of rotation

Application: polarization control.




Linear waves in uniaxial media

Dielectric tensor of a uniaxial crystal with the
principal axis along n:

81']' — EHninj—FeL((S,-j—n,-nj).

lllustration
Choose n = (0,0,1) and k = (k,,0,k,):
e 0 0
e=1|1 0 & O

0 OSH




Dispersion relations

Ordinary waves:

k=2
C

Extraordinary waves:

o [sin’® cos20
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Dispersion ellipse




Properties of extraordinary waves:

Magnitude of the wave vector depends on the
propagation direction.

Propagation direction does not coincide with
the energy flow direction — S need not be par-
allel to k.

Applications:

Can be used for phase matching in second-
harmonic generation processes.




Reflection of plane waves at normal inci-
dence

W By @ 1




Incident wave

and

Reflected wave

Er(Zv t) — é)CEWOre_i(krz+wrt)7

A 0r
H;»(Z,f) _ _ey_re l(er+(0rl).
up




Transmitted wave

| D (Z7t> — éxEOtei(%Z_wﬂ)y

Eoy

H,(z,1) = &,——¢' i),
Ur
Boundary conditions
imply that




Thus

and

also
ni=Mn,=Mm = No/Ve,
n="m="1n/vVe& &=&+is.




The transmission and reflection amplitudes

:EOr_nZ_nl

_EOz _nl‘|_r’27
and

_Fa_ o

~Eu Mt

Energy flux conservation:

l1+r=tr.




Perfect conductor, 0 —

35/53

No transmitted wave!




Refraction & reflection at oblique incidence

kr — eréx + eréZ7
kt — ktxéx + ktZéZ7







kix — er — ktx — kx
kix — er — Gi — Gr

Snell’s law




TM-polarized waves




Incident waves
H;(r,t) = Hy®,e' ™)
E,(r,t) = 0y Hoi(ki &, — k&,) e'®im=0),
Reflected waves
H,(r,t) = —Hpé,e ")
E,(r,t) = mHo(—ki.e; — kye,) e KrT=®0),
Transmitted waves
H,(r,1) = Hy@, e
E,(r,t) = noHy (ko.e, — kye,) &&=,




TM-reflection and transmission amplitudes:

and

Transmission and reflection coefficients:

Rry = |reml®s Trm = |trul.




Reflectionless modes
rry =0 — Ezklz — Slkzz
Brewster mode = Im{k,,} = Im{k,,} =0

tan Oy = nz/nl ;

where refractive indices are defined as

ng=1/&&; s=1,2.




Surface plasmon polariton (SPP) modes

8((1))— g >0, z>0,
| &(w) <0, z<0.




Dispersion relation follows from
&k, = €1k,

and

kio=/Ke;—k2 j=1.2
ko= o/c
SPP signature:
k>0 k3, <0




Dispersion relations:

E1E
ko= ke 1&
&1+ &
and
e2
ki, =k L =172
/e 0 &+ & J

SPP conditions:

&§+& <0, & <O0.




Launching SPPs

ra

air 4—>//prism 7 46/53

metal/air interface

~ metal/prism interface

Frequency

Kk

xres |

Wave vector

field
—p SPP amplitude

Kretschmann




TE-polarization




Incident waves
Ei(r,t) _ E()iéy ei(ki-r—wt)

Eo; e
= n—o(—klzex + kyee,) ekt
]
Reflected waves

E.(r,t) = Ey,€, ¢! krr—ot)

Ey, —
H, (r,1) = y (ki.ex+ k.e,) o'k “”),

Hi(r,t)

M
Transmitted waves

Et(l‘, Z) = Eotéy ei(k,-r—a)t)

E :
Ht(l'7 t) — n_(;t(_kzzex -+ kxez) €l(kt.r_wt) .




Transmission and reflection amplitudes:

and

No Brewster angle or SPPs:
rrg # O,




Total internal reflection

Incidence from more dense medium n; > n,

Critical angle:

Under the condition

6, > 0.

2
R . nf . 2
kzz—l|kzz‘ —lkz\/n—%SIIl 91—1,




TM-polarized incident wave

Unimodular reflection amplitude

?TM *

where




TE-polarized incident wave

Unimodular reflection amplitude

— o 29TE+

?TE*

— |k2z‘
*::t 1
OrEs = tan ( k.

and




Energy flow across the interface?
Time-averaged Poynting vector,

(S:(2)) = 3Re[Eo(2) x H,(2)].
TM case:

482]{% k,
S — e, <
(S:(2)) ko(&5ks, + €7 ko;|?)

Propagates along the interface!
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