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Linear optical response:
P=gyxE,
Critical electric field:
E. ranges from 10° to 10! V/cm.
available laser field: 10° to 107 V/cm

No ionization; small electron displacement from
its equilibrium!




%" <= nth order susceptibility
Estimating order-of magnitude of y "

Atomic radius:
ap = h* /me* ~ 5 x 10 °cm
Atomic electric field:

E, =e/4meya; ~ 5 x 10"V /m.




linear susceptibility, x<1> ~ 1:
second-order,
P ~E 1~ 10712 m/V.
third-order,
3 ~ 1072 to 10722, m?/V2.
conclusion:

The lowest non-vanishing order always dominates!




Qualitative picture of nonlinear processes

Second-harmonic generation & Optical Rectifi-
cation
Driving fundamental field:

E(t)=31(&e ™ +c.c),
Nonlinear polarization:
PO (1) = gx YE?(r)
PP(t) = Por(0) + Psuc(2m;)e 2 +c.c




Psuc(Lw;) = —80)(( >@@
Por(0) = gox (\51|2+\<§’2| ).




Sum- and difference-frequency generation
Driving field
E(t) = 3(&le '™ + &e ' +c.c)
Nonlinear polarization:

P(z) (t) — ygpg(a)l + a)z)ei(a)1+a)2)t
i c@DFG(a)l — a)z)ei(wl_“’z)’ +cC.cC.




P(z) (I) — @SFG(O)I + a)z)ei(a)1+a)2)t
i gDFG(wl — ab)ei(wl_@)’ +c.c.

Psrc(0) 4 @n) = 80%(2)51 &,

(2)
X




P(z) (I) — @SFG(O)I + a)z)ei(a)1+a)2)t
i gDFG(wl — ab)ei(wl_@)’ +c.c.

QZDFG((UI — (Uz) — 80%(2)51 Cgaz*a

(2)
X




Self-focusing and third-harmonic generation
Driving field
E(t)=3(&e ' +c.c),
Nonlinear polarization
PR (1) = gy PV E (1)
P (1) = HPruc(Bw)e P2 + Psp(w)e " +c.c.




Psr(0) =2y 828 .

The SF <= the refractive index modification:

n=ng+n|&|?,

Self-lensing of a light beam!




Self-focusing (SF) vs two-photon absorption
(TPA)

1Y =Re{x M} +ilm{x W}

SF TPA

virtual states

Ground state




TPA in semiconductors =—> carrier
photo-excitation

2hw > Eg




Stimulated Raman & Brillouin scattering

ground state ground state

a ) Stokes b ) Anti-5tokes

wA:wp_wS:a)aS_wp




fiwp, = single molecule vibration /rotation

Raman scattering = individual molecule
excitations, i. e., usually gas molecule
rotational /vibrational degrees of freedom

Brillouin scattering = collective medium
vibrations, i. e., sound generation in gases or
condensed matter!




Anharmonic oscillator model

Actual interaction potential deviates from har-
monic oscillator model!




Quantitative model:
Newton's law for anharmonic oscillator

mx = =2ymx — eE + F,,
restoring “spring’ force:
F,=——,
dx
The potential:

1 1 1
Vix) = Ema)gx2 + gmax3 + Zmbx4 + ...




Second-order processes

X+ ofx+2yi+ax* = —A—

A <= bookkeeping parameter;
Bi-chromatic driving field:

E(t)=3(&Sle '™ + &e ' +c. c.).
The oscillator response:

x = AxW A2 L 2308 L




Seeking first-order solution:
x) = L(xp e 4 30 67 . c.),

2
X — — e(g)j
Y m9(w;)

with the resonant denominator being

9 (w;) = — 07 + 05 — 2iyw;

First-order is just a linear harmonic oscillator so-
lution!




Second-order solution

) | . .
X( ) ! [x2a)1€ lZ(x)lt_I_xzwze 20t
_I_xw1+a)ze_l(wl+a)2)t

+xw1_a)ze_i(wl_a)2)t
+xw2_wle_i(“’2_w1)t A c.}

SHG:

aezéaj2

120 T 292 (w;) 7 (2;)
where j=1,2




SFG:
B ae* &
rort e = 05 (00) D (@) P (0 + an)
DFG

aezé"jc%*_j
o = —
TR D (0;) 24 (03— ) D (0 — w3_))
Polarization contributions:

P (20;) = —Nexzq;,

P01+ ) = —Nexy, 1o,
gz((l)j — COg,_j) = —Neij_c%_j




Macroscopic definitions of polarizations:

SHG:
P (20)) = 3e0x ¥ (—20;; 0;, 0,)EF,
SFG
P (01 + ) = &)Y (—0) — 03 01, 0) 616,
DFG

P(0j— ;) = 5075(2)(_0)1"|‘ W3 j; O, — @)
X 65

j=1,2




Thus

2) Nae’
AsHG = eom*2*(0,) 2 (2w;)’
and
2) Nae®

KEG ™ a2 (@) 7 (@) 7 (@ + @)’
as well as

x(z) B Nae®
PEC e P (w) 7 (a5 ) D (0 — @3- )’




Order-of-magnitude estimates:

2) Ne'a
A= m2eyy
Using
wy ~ 1010 rad/s,
N ~10% m3

e~10"" C, and m ~ 1073 kg,




Nonlinear processes induced by cw fields

Nonlinear polarization:
PA() =1L, P @)e ™ +c.c,
Example: second-order processes
Zi(w3) = eoc? (@1, ) Y 27 (—03; 01, @)

X &j( 1) 6 ()




Notations & Conventions

(2)

Xis (— 035 01, )

where
;= 0]+

symmetry coefficient:

1, ) # p;




Nonlinearities induced by arbitrary fields

linear response

D(r t):e()/dr’/ dt'y"V(r—r' 1 —1t):E(r,1)

second-order response

—8()/61’1‘1/0,’1‘2/ dt1/ dt,

xx B (r—ri,r —r3t —t1,t — 1)
.E(l’l,ﬁ)E(rZatZ)a




Notes:

Medium isotropy & stationarity = transla-
tional invariance in space-time

X = x(r,t) <= spatial & temporal dispersion
No spatial dispersion:

W =80 —r) V-1

%(2) = 5(1’—1’1)5(1'—1’2)?&(2)@ — 11,1 — 1)




Space-frequency representation:

5((1)((0):/_ dty"M(t)e'™

and

2 oo
2(2)((‘)17 (02) — H/ dtsx(z) (tl,tz)elzgﬂwsts
s=1v7—%=°

Thus,

and




- do 7
P (r, 03) = eoZ/ SR (s, 0, @)

XEj(l‘, a)l)Ek(r, 602)
where @; = @) + »

Formal properties of nonlinear susceptibilities

Generic properties, always satisfied

Symmetry properties depending on particular
media symmetries




Intrinsic permutational symmetry:

Example:

~(2 ~ (2
xi(jk)(_wv O a)Z) — xl‘(kj)(_wv Wy, 0)1).

Reality of y in the time-domain:

Example:

~ (2)x* ~ (2
%l(]k) (—(D,(Dl,(l)z) :%i(J'lc)(wa_wla_a)Z)-

Causality:

x;?l)...jn(t_flwﬂt_fn) = 0, for any 1, > 1.

Cause precedes the effect!




Consequences of causality: Kramers-Kronig
relations:

and

Makes it possible to determine real part (dis-
persion) from measurable imaginary (absorp-
tion) part!




Medium symmetry specific properties of y:
Isotropic media <= invariance with respect to
rotations

Isotropic and centrosymmetric media <= in-
variance with respect to rotations, translations,
and inversions

or




Inversion: r — —r
Tij = —0ij
Thus for any n = 2k

No second-order effects in centrosymmetric me-
diall

Lossless media <> invariance with respect to
time reversal

Mathematically
x(n)(ﬁ ‘e Tn) — X(n)(—fl ce.— Tn)




Consequences:

Overall permutational symmetry of y:

Example: )ng)l(—wmwl,wzaab) =
jz](?l?c(a)l) W3, — g4, 0)2)

Kleinmann symmetry for all @ far below
resonance

Example: )Zl-(jzk)(—(l% Wy, ) =

Z](I%z)(_w% 1, (1)2) — Z]EZZ)(_(D% 1, (02)




Conservation laws in nonlinear optics

Maxwell’'s equations for nonlinear nonmagnetic
media

JH
VXE= _:LLOW7

JE OJP
VXH:J+80&t +8t’

VDZP,

V-H=0,




Maxwell's equations = energy conservation

for EM fields

Charge conservation =— fundamental law of
nature




Charge conservation

Given a closed volume,




d B aIpy B
E/azv,ov_/vdv 2 _—jc[ds.J_—/de.J

implying that
ap, B

charge conservation in the differential form




Integral for of EM energy conservation




Differential form of EM energy conservation

electromagnetic energy density:
Wem = 5€0E* + 3 UoH?
energy flux (Poynting vector):
S=ExH
Total EM energy within the volume:

Wem = /dVWema




