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Outline

• Conservation laws in nonlinear optics

• Coupled-wave equations for 2nd-order processes

• Second-harmonic generation (SHG)

• Phase-matching considerations

• Sum-frequency generation (SFG)

•Manley-Rowe relations

• Difference-frequency generation (DFG)
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Conservation laws in nonlinear optics

Maxwell’s equations for nonlinear nonmagnetic
media

∇×E =−µ0
∂H
∂ t

,

∇×H = J+ ε0
∂E
∂ t

+
∂P
∂ t

,

∇ ·D = ρ,

∇ ·H = 0,
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•Maxwell’s equations =⇒ energy conservation
for EM fields

• Charge conservation =⇒ fundamental law of
nature
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Charge conservation

Given a closed volume,
d
dt

∫
dvρv =−

∮
dS ·J

)(a )(b

J


0
dt

dQ 0
dt

dQ

J

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d
dt

∫
dvρv =

∫
v
dv

∂ρv

∂ t
=−

∮
dS·J =−

∫
dv∇·J

implying that ∫
v

(
∂ρv

∂ t
+∇ ·J

)
= 0

charge conservation in the differential form

∂ρv

∂ t
+∇ ·J = 0
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emW

EJ c .

t

P
E

∂
∂

.

S

Integral for of EM energy conservation

dWem

dt
=−

∮
σ

dσ ·S−
∫

v
dv

(
J ·E+E · ∂P

∂ t

)
.
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Differential form of EM energy conservation
∂wem

∂ t
+∇ ·S =−J ·E−E · ∂P

∂ t
electromagnetic energy density:

wem = 1
2ε0E2 + 1

2µ0H2

energy flux (Poynting vector):

S = E×H
Total EM energy within the volume:

Wem =
∫

v
dvwem,
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Coupled-wave equations

• nonmagnetic medium µ = µ0;

• isotropic medium with no spatial dispersion

• no free charges or currents, ρ = 0, J = 0

∇×E =−µ0
∂H
∂ t

,

∇×H = ε0
∂E
∂ t

+
∂P
∂ t

,

∇ ·D = 0, ∇ ·H = 0
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Wave equation

∇× (∇×E) =−ε0µ0
∂ 2E
∂ t2 −µ0

∂ 2P
∂ t2

Driving source:

P = PL +PNL

Linear electric flux density:

DL = ε0E+PL = ε⊗E

∇× (∇×E)+
1

ε0c2

∂ 2DL

∂ t2︸ ︷︷ ︸
wavefield

=−µ0
∂ 2PNL

∂ t2︸ ︷︷ ︸
source
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Weak guidance approximation:

∇× (∇×E) = ∇(∇ ·E)︸ ︷︷ ︸
≈0

−∇
2E

∇
2E− 1

ε0c2

∂ 2DL

∂ t2 = µ0
∂ 2PNL

∂ t2

Fundamental field

E(r, t) =
1
2 ∑

s
Ẽ(r,ωs)e−iωst + c. c.

Nonlinear Medium Polarization

PNL(r, t) =
1
2 ∑

s
P̃NL(r,ωs)e−iωst + c. c.
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Wave equation in space-frequency domain:

∇
2Ẽ+ k2(ωs)Ẽ =−µ0ω

2
s P̃NL

Wave numbers:

k2(ωs) = ε(ωs)µ0ω
2
s

Electric fields:

Ẽ(r,ωs) = e(ωs)E (r⊥,z,ωs)eiksz,

Induced Medium Polarization:

P̃NL(r,ωs) = e(ωs)PNL(r⊥,z,ωs)eiksz
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Slowly-varying envelope approximation:
∂E

∂ z
� ksE

Paraxial coupled-wave equations:

2iks
∂E

∂ z
+∇

2
⊥E =−µ0ω

2
s PNL

Second-order processes:

P(2)(r,ωs) = ε0c(2)
∑
i jk

χ̃
(2)
i jk (−ωs;ω1,ω2)ei(ωs)

×e j(ω1)ek(ω2)E (r⊥,ω1)E (r⊥,ω2)ei∆kz, (1)

Phase-mismatch

∆k ≡ k(ω1)+ k(ω2)− k(ωs). (2)
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Coupled-wave equations for 2nd-order processes

∂Es

∂ z
− i

2k(ωs)
∇

2
⊥Es =

iω2
s

2k(ωs)c2

×χ
(2)
e f f (−ωs;ω1,ω2)E1E2ei∆kz (3)

Effective susceptibility:

χ
(2)
e f f (−ωs;ω1,ω2) ≡ c(2)

∑
i jk

χ̃
(2)
i jk (−ωs;ω1,ω2)

×ei(ωs)e j(ω1)ek(ω2) (4)
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Second-harmonic generation

ω
ω

ω2

)2(χ
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Coupled-wave equations:

∂Eω

∂ z
− i

2kω

∇
2
⊥Eω =

iω2

2kωc2χ
(2)
e f f (−ω,2ω,−ω)

×E2ωE ∗
ωe−i∆kz. (5)

∂E2ω

∂ z
− i

2k2ω

∇
2
⊥E2ω =

i4ω2

2k2ωc2χ
(2)
e f f (−2ω,ω,ω)

×E 2
ω ei∆kz, (6)

Phase mismatch:

∆k = 2kω− k2ω
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Plane-wave geometry after rearrangement

dEω

dz
=

iω2

2kωc2χ
(2)
e f f E2ωE ∗

ωe−i∆kz.

and
dE2ω

dz
=

iω2

k2ωc2χ
(2)
e f f E

2
ω ei∆kz.

SHG efficiency for a crystal of length L:

ηSHG ≡
I2ω(L)
Iω(0)
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Undepleted pump approximation

ηSHG � 1 =⇒ Eω ≈ const!

I2ω(L) =
ω2L2χ

(2)2
e f f I2

ω

2ε0n2ωn2
ωc3 sinc2

(
∆kL

2

)
,
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SHG efficiency for undepleted pump

Perfect phase matching

∆k = 0,

ηSHG =
ω2L2χ

(2)2
e f f Iω

2ε0n2ωn2
ωc3 � 1

Pump intensity for focused beam

Iω =
P

πw2
0
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• moderate-to-high power lasers P∼ 1 W,

• χ2
e f f ∼ 5×10−23 m2/V2, for LiNbO3

• crystal length L∼ 1 cm

• beam spot size w0 ∼ 100 µm, such that Ld ∼
10 cm, Ld � L

ηSHG ∼ 10−3 � 1

for tightly focused beams, w0 ∼ 100 µm say,

Ld � L,

ηSHG ' 10%
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Phase-matching considerations

∆k = 0 =⇒ n(2ω) = n(ω)
Won’t work in isotropic, normally dispersive media
=⇒ anisotropic media

xk

zk
zk

xk

0k ek
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Phase matching in anisotropic media

)(0 ωn

)2( ωen

OPTICAL AXIS

*θ

tanθ∗ =

√√√√ 1
ε‖(2ω)−

1
ε⊥(ω)

1
ε⊥(ω)−

1
ε⊥(2ω)
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Quasi-phase-matching

• periodic poling of nonlinear susceptibility,

χ
(2)(z) =

∞

∑
m=−∞

χ
(2)
m ei2πmz/Λ,

Modified phase mismatch, for m = 1

∆ke f f = ∆k−2π/Λ

Phase matching is achieved provided:

Λ = 2π/∆k
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SHG beyond the undepleted pump approx-
imation
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Perfect phase matching, ∆k = 0
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Sum-frequency generation

1ω

2ω

1ω

2ω
213 ωωω +=)2(χ

∂E1

∂ z
− i

2k1
∇

2
⊥E1 =

iω2
1

2k1c2χ
(2)
e f f (−ω1;ω3,−ω2)

×E3E
∗

2 e−i∆kz (7)

∂E2

∂ z
− i

2k2
∇

2
⊥E2 =

iω2
2

2k2c2χ
(2)
e f f (−ω2;ω3,−ω1)

×E3E
∗

1 e−i∆kz (8)
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∂E3

∂ z
− i

2k3
∇

2
⊥E3 =

iω2
3

2k3c2χ
(2)
e f f (−ω3;ω1,ω2)

×E1E2 ei∆kz (9)

E j = E (ρ,z,ω j)
k j = k(ω j), j = 1,2,3

Phase mismatch

∆k = k1 + k2− k3
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Plane-wave geometry

dE1

dz
=

iω2
1

2k1c2χ
(2)∗
e f f E3E

∗
2 e−i∆kz

dE2

dz
=

iω2
2

2k2c2χ
(2)∗
e f f E3E

∗
1 e−i∆kz

dE3

dz
=

iω2
3

2k3c2χ
(2)
e f fE1E2ei∆kz

Undepleted pump approximation⇐⇒ either pump
wave is constant,

E2 = const
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Manley-Rowe relations

Photon flux conservation:
I1

ω1
− I2

ω2
= M1 = const,

I1

ω1
+

I3

ω3
= M2 = const,

I2

ω2
+

I3

ω3
= M3 = const.

I j =
ε0n jc

2
|E j|2, j = 1,2,3
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DFG in a plane-wave geometry

1ω

2ω

1ω

2ω
213 ωωω −=

)2(χ

dE1

dz
=

iω2
1

2k1c2χ
(2)
e f fE2E3ei∆kz

dE2

dz
=

iω2
2

2k2c2χ
(2)∗
e f f E1E

∗
3 e−i∆kz

dE3

dz
=

iω2
3

2k3c2χ
(2)∗
e f f E1E

∗
2 e−i∆kz
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Undepleted pump, E1 = const
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Manley-Rowe relations for DFG

I1

ω1
+

I2

ω2
= M1 = const,

I1

ω1
+

I3

ω3
= M2 = const,

I2

ω2
− I3

ω3
= M3 = const.
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2ω

3ω
1ω

)(a )(b

3ω

2ω
1ω

Presence of an idler photon enhances the chances
of generating a signal photon⇐⇒ parametric am-
plification


